Parallel manipulators with a rotation-symmetric arm system possess all the typical advantages of parallel robots, such as high acceleration and high-accuracy positioning. Contrary to the majority of proposed parallel manipulators, the rotation-symmetric arm system leads to a large workspace in relation to the footprint of the manipulator. This paper focuses on a subclass of these manipulators with additional favorable qualities, including low inertia and high eigenfrequencies. These qualities are achieved using only 5-DOF lower arm linkages and by mounting all actuators on the non-moving base column of the manipulator. The common feature of all previously proposed manipulators in this subclass is identified and several novel 3-DOF and 4-DOF members are introduced.
Introduction
Parallel manipulators with a rotation-symmetric arm system possess all the well known advantages of parallel mechanisms, including low inertia and high accuracy. The investigated manipulators consist of a central base column and several actuated upper arms, which can rotate indefinitely around the base column. The upper arms are connected via lower arm linkages to a manipulated platform. The studied manipulators are rotation-symmetric in the sense that the workspace and manipulator properties are identical in all radial directions. Similar to serial industrial robots, the rotation-symmetric arm system leads to a large positional workspace in relation to the footprint of the manipulator. Analogue to the majority of serial industrial robots, these parallel manipulators also possess other advantages of a floor-mounted design, including the possibilities for overlapping workspaces, straightforward cabling solutions and less complicated service and relocation of the manipulators. Considering the many positive properties of rotation-symmetric parallel manipulators, surprisingly few robots of this type have been proposed or manufactured.
One subclass of these manipulators features additional favorable qualities, including low inertia and high eigenfrequencies. These qualities are achieved using only 5-DOF lower arm linkages and by mounting all actuators on the non-moving base column of the manipulator. The common feature of all previously proposed manipulators in this subclass is identified and used to derive several novel 3-DOF and 4-DOF members.
Existing manipulators
Previously proposed manipulators can be separated into two subclasses depending on the properties of the lower arm linkages used for the manipulator. The lower arm linkages consist of a link with joints in both ends. A 5-DOF linkage has a 3- Fig. (a) illustrates the earliest SCARA-Tau manipulator proposed in [5] while Fig. (b) demonstrates a later variant proposed in [7] .
DOF spherical joint on one end and a 2-DOF universal joint on the other end. For the first subclass of manipulators, not all the lower arm linkages are 5-DOF, meaning some of the links are susceptible to bending and/or torsion. This subclass includes the 3-DOF manipulators proposed in [1] [2] [3] , which all display very appealing kinematic properties. The manipulators in [2, 3] maintain constant platform pitch and roll angles relative to the fixed base column in the entire workspace and preserve the platform yaw angle when it is moved vertically and radially. The 4-DOF manipulator in [4] also maintains constant pitch and roll angles and achieves infinite yaw manipulation of the tool without resorting to the use of redundant actuators. However, all of these manipulators have similar drawbacks. Their main disadvantage is that they all use one or more lower arm links that are susceptible to bending and/or torsion. If the links that are susceptible to bending and torsion are of lightweight construction, their stiffness is low, meaning that the lowest mechanical eigenfrequency of the manipulator is low. If the stiffness is increased by using larger links, then the mass of these links increases, also resulting in lower eigenfrequencies. The manipulators in [2, 3] have the additional drawbacks that the uppermost actuator is not fixed but indirectly moved via the arm system by the other two actuators, meaning higher inertia (and lower eigenfrequencies) of the manipulator. Both these manipulators are also mechanically over-constrained. Hence, higher precision is needed for the components of the robot and the assembly will be more difficult in order to avoid built-in stress in the structure.
For the second subclass of rotation-symmetric manipulators, all of the lower arm linkages are 5-DOF. The link in a 5-DOF linkage is not subjected to bending or torsion and can therefore be manufactured with a low weight and a high stiffness to mass ratio. The joints used are typically universal joints or ball and socket joints. The advantage of using universal joints is that they can be designed for a larger working range. For the majority of the investigated manipulators, six 5-DOF linkages are used, which together impose exactly six constraints on the manipulated platform. Therefore, mechanical redundancy will not exist and high precision assembly of the arm system is uncomplicated. All the reviewed manipulators in this subclass consist of a central cylindrical column with 3, 4 or 5 actuated upper arms that can rotate indefinitely around the central column. Some of the proposed 4-DOF manipulator variants use redundant actuation by five actuators to increase the workspace by overcoming singularities. The actuators for the upper arms are, except in the case of two early prototypes, mounted on the non-moving base column, which means reduced moving mass of the manipulators.
The original SCARA-Tau manipulators illustrated in Fig. 1 are most likely the earliest proposed rotation-symmetric manipulator using only 5-DOF lower arm linkages. The Tau-concept implies a 3/2/1 clustering of the lower arm linkages. In the original SCARA-Tau manipulator the group of two linkages form a vertical parallelogram and the group of three linkages form one vertical and one horizontal parallelogram. The earliest SCARA-Tau patents [5, 6] proposed the manipulator shown in Fig. 1(a) . For this SCARA-Tau variant the axis of rotation of the uppermost actuated arm is perpendicular to the axes of rotation of the other two actuated arms, similar to the arrangements in [2, 3] . Hence, the axes of rotation together form a T, which is what the name Tau refers to. The drawback of this solution is that the uppermost actuator is not fixed on the base column but moved by the middle actuator, which means larger inertia for this joint. A later SCARA-Tau patent [7] proposed the variant shown in Fig. 1(b) . For this variant all three actuated upper arms have a common axis of rotation and all actuators can therefore be mounted on the non-moving base column.
Similar to the manipulators in [2, 3] , the manipulated platform of the SCARA-Tau robot maintains constant roll and pitch angles over its entire workspace. Unlike the manipulators in [2, 3] the platform yaw angle of the original SCARA-Tau manipulator has a strong variation when the platform is moved in a radial direction and also a smaller yaw angle variation when the platform is moved vertically. For the original SCARA-Tau manipulator, the range of platform yaw angle variation equals the range of variation of the rotation angle of the upper arm the cluster of three linkages is attached to. The vertical movement of the platform is mainly achieved by moving the uppermost upper arm where the single linkage is attached.
However, if only that upper arm is moved, the vertical movement of the platform follows a circular path (intersection between two spheres). To achieve a pure vertical movement, the lowest two upper arms also need to make small adjustments, meaning the platform yaw angle changes. The advantages of the SCARA-Tau manipulator are discussed in [8] [9] [10] [11] [12] .
For some applications including laser cutting, plasma cutting, water jet cutting and gluing, the varying tool yaw orientation of the original SCARA-Tau manipulator is not an issue. For many other applications such as pick-and-place and palletizing where the robot performs its task in a vertical direction towards a horizontal plane, varying yaw angle can easily be compensated for by means of an additional 4th axis, as for traditional SCARA robots. However, even if the inherent yaw angle variation can be compensated for, it is preferable to minimize this variation. The tool speed of a robot is limited by the slowest axis, so if a fourth actuator must make a large compensation solely to maintain platform orientation, this could limit the performance of the robot. As mentioned in [13] , actuated yaw angle can also be achieved by replacing one lower arm linkage with a linkage including an actuated telescopic link. In this case, a smaller inherent yaw angle variation of the platform means that a telescopic actuator with short stroke length can still achieve a large range of actuated yaw angle. By replacing the horizontal parallelogram of the original SCARA-Tau with a triangular arrangement, as proposed in [14] , the dependence between platform position and yaw angle of the manipulated platform is significantly reduced. This idea was analyzed in [13] . In [15] a more detailed study of the same problem was performed for a planar manipulator of similar type.
The patents [7, 16] include an interesting 3-DOF manipulator using only five 5-DOF linkages to constrain the manipulated platform. A manipulator where all DOFs of the manipulated platform are not constrained is normally not useful since there is always some (6-DOF) direction in which the platform can not withstand any force. For an arbitrary arrangement using five 5-DOF linkages there is not a well defined direction which is unconstrained. However, by aligning all the platform joints, the unconstrained direction is well defined and all movements except rotation around the axis formed by the collinear joints are constrained. A manipulator of this type could be useful for many applications with rotation-symmetric tools, as for laser cutting, plasma cutting, water jet cutting, gluing, painting and probe measurements.
The patent [7] includes several designs of 4-DOF manipulators utilizing a crankshaft mechanism. By connecting four 5-DOF lower arm linkages to the lower end of the crankshaft and two 5-DOF linkages to the upper end of the crankshaft, the tool is fully constrained. The two lowest kinematic chains, each consisting of one actuated upper arm and a vertical parallelogram of 5-DOF linkages, together constrain the roll and pitch angles of the tool. The two uppermost kinematic chains, each consisting of one actuated upper arm and one 5-DOF linkage, actuate the yaw angle of the tool. The use of a crankshaft makes it possible to achieve both a large range of 3-DOF positioning and a large range of yaw angle rotation. The patent [7] also proposes redundant manipulator variants in order to overcome the two singular configurations per 360 • rotation of the tool. The inclusion of a redundant kinematic chain leads to an over-constrained platform. In order to overcome this problem one of the proposed variants introduces an internal DOF in the platform structure.
Novel manipulators
A common feature of the linkage configuration of all previously proposed rotation-symmetric manipulators using only 5-DOF lower arm linkages has been identified. Four 5-DOF linkages form two vertical parallelograms, each on a separate actuated upper arm. These two vertical parallelograms together impose two constraints on the platform planar degrees of freedom and completely constrain its roll and pitch angles. Figure 2(a) illustrates the general case while Fig. 2(b) shows a special case where the platform joints of the two parallelograms are collinear. Due to symmetry, the preferred design is to mount the corresponding joints in both parallelograms at the same height. However, this is not a requirement and obviously not a possibility for the platform joints in Fig. 2(b) . One additional 5-DOF lower arm linkage connects an arbitrary position on the platform and the third actuated upper arm. To fully constrain the platform position and orientation when the actuators are locked, a sixth 5-DOF linkage is necessary. This linkage can be mounted with a high degree of flexibility as long as it connects the platform and any existing or additional upper arm. It is the different configurations of this sixth linkage that is the main difference between the members of this subclass of manipulators.
Since all 3-DOF manipulators based on the linkage arrangements in Fig. 2 (a) or 2(b) have constant platform roll and pitch angles and a position dependent yaw angle, several SCARA-Tau variants other than the previously proposed original SCARA-Tau and Triangular SCARA-Tau are possible. There are numerous configurations of the linkage L 13 in Fig. 1(b) which fully constrain the manipulated platform without restricting the workspace. However, all linkage arrangements lead to a position dependent yaw angle. Based on the analysis in [15] , it was found that minimal yaw angle variation during radial and vertical movements is achieved for the the linkage configuration shown in Fig. 2(c) . When seen from above, the linkages in the cluster of three together with sections of the platform and one upper arm form a quadrilateral shape. The optimal quadrilateral shape depends on the arm lengths and the platform size. By mounting the linkage L 13 so that it is not parallel to the linkages in the vertical parallelogram when viewed from the side, it is possible to minimize the yaw angle variation in either the upper or the lower half of the workspace. This is useful since the lower half of the workspace is the section typically used in pick-and-place applications.
One important manipulator property is isotropy. In the appendix isotropy is analyzed by studying the global conditioning index (GCI) introduced in [17] , which is the average of the inverse condition number of the Jacobian over the workspace. For the original SCARA-Tau, the Quadrilateral SCARA-Tau and the Triangular SCARA-Tau, the value of GCI is similar. Of the manipulators discussed so far, the original SCARA-Tau is the least isotropic and the Triangular SCARA-Tau is the most isotropic. However, it is demonstrated in the appendix that the novel Intersecting SCARA-Tau in Fig. 2(d) further improves the isotropy of the SCARA-Tau manipulators. It is named Intersecting since when the cluster of three linkages is viewed from above, the two linkages in the vertical parallelogram intersect the third linkage. As shown in the appendix, the difference in GCI is relatively small, however it is more pronounced if GCI is only calculated over the lower workspace, important for pick-and-place applications.
Additional SCARA-Tau variants can be designed based on the configuration in Fig. 2(b) , for example by aligning five of the joints on the manipulated platform. In order to constrain the rotation around the axis formed by the five collinear joints on the platform, the sixth platform joint must not be aligned with the other five joints.
This paper introduces the Symmetric SCARA manipulator shown in Fig. 2 (e) and 2(f). For this manipulator, the sixth linkage necessary to fully constrain the platform is mounted on the third actuated upper arm, positioned above the other two actuated arms. This means a 2/2/2 clustering of the linkages. One advantage of the 2/2/2 clustering compared to the 3/2/1 clustering of the SCARA-Tau is more equal force distribution in the linkages. The configuration of the two linkages on the uppermost upper arm is highly flexible. However, some linkage configurations are not useful. Mounting the two linkages in a third vertical parallelogram leads to an unconstrained platform while other linkage configurations where the platform joints have the same horizontal position restrict the horizontal workspace to a circle. A straightforward configuration of the two uppermost lower arm linkages is mounting them in a horizontal parallelogram as shown in Fig. 2(e) . Compared to the SCARA-Tau manipulator, the Symmetric SCARA manipulator has a stronger platform dependency when the platform is moved vertically, as the same kinematic chain actuates the vertical position and constrains the platform yaw angle. As demonstrated in the Appendix, the position dependency of the yaw angle can be reduced by the linkage configuration shown in Fig. 2(f) . The exact shape depends on the arm lengths and the platform size. Symmetric SCARA variants can also be designed based on the configuration in Fig. 2(b) . Examples include mounting the joints on the manipulated platform in the shape of a T or an inverted L.
The novel 4-DOF manipulators in Fig. 2(g)-2 (i) are also based on the general linkage arrangement in Fig. 2(a) . To achieve 4-DOF manipulation, the additional sixth linkage needed to fully constrain the manipulated platform must be mounted on an additional fourth actuated upper arm. The manipulator in Fig. 2(g) is inspired by the 3/2/1 clustering of the linkages from the SCARA-Tau manipulators in Fig. 2(c)-2(d) , while the manipulator in Fig. 2(h) is inspired by the 2/2/2 clustering of the Symmetric SCARA manipulators in Fig. 2 (e)-2(f). A radially symmetric variant can be designed based on the manipulator in Fig. 2(h) if a different working mode is used for the uppermost upper arm. The variants in Fig. 2(g)-2 (h) are designed to achieve a large workspace below the lowest upper arm, which is useful for pick-and-place applications. For this purpose the uppermost lower arm linkage in Fig. 2(g ) and the two uppermost lower arm linkages in Fig. 2(h) should be longer than the other lower arm linkages. The manipulator in Fig. 2(i) is a radially and vertically symmetric manipulator designed for an equal workspace below and above the upper arms containing the vertical parallelograms.
For completeness it should be mentioned that additional manipulator variants can be achieved by replacing one of the vertical parallelograms in Fig. 2(a) or 2(b) with a 4-DOF linkage. This linkage should consist of a link with a 2-DOF universal joint in each end, where each universal joint should have one vertical and one horizontal axis of rotation. As discussed previously, this solution allows the platform to transmit torque to the link in the 4-DOF linkage. Hence, this link must be dimensioned to withstand torsion.
Conclusion and future work
Parallel manipulators with a rotation-symmetric arm system is an industrially useful class of parallel mechanisms. One subclass of these manipulators has additional favorable qualities such as low inertia and high eigenfrequencies. This is achieved by using only 5-DOF lower arm linkages and by mounting all actuators on the non-moving base column. In this paper, the common feature of the linkage arrangement of previously proposed manipulators in this subclass has been identified and used to derive additional 3-DOF and 4-DOF members. Ongoing work is focused on optimizing the geometry of the members of this subclass of manipulators with respect to force distribution in the lower arm linkages, parasitic motion, isotropy, singularities and stiffness properties.
Appendix: Parameters and metrics
This appendix defines the kinematic parameters and metrics used for comparing the manipulators in Fig. 2(c)-2(f) . Table 1 lists kinematic parameters and results for each of these variants. As a comparison, results are also included for the original SCARA-Tau manipulator. The bodies and kinematic parameters for the manipulator variants in Fig. 2(c)-2(d) are shown in Fig. 3 . By replacing the link L 13 on upper arm A 1 with a second link L 32 on upper arm A 3 , Fig. 3 also describes the manipulator variants in Fig. 2 (e)-2(f). For these manipulators the notations L 32 , U 32 , P 32 , a 32 , l 32 , h 32 replace L 13 , U 13 , P 13 , a 13 , l 13 , h 13 .
Each manipulator consists of a central column B, a manipulated platform P, three upper arms A i , and six lower arm links L ij . The manipulator utilizes three actuated 1-DOF joints E i , six passive 3-DOF spherical joints U ij , and six passive 2-DOF universal joints P ij . The kinematic parameters are shown in Fig. 3(b) . A fixed coordinate system F is defined with its origin in the center of the base column at the same height as the upper arm joint U 11 ; its x-axis pointing outwards and its z-axis pointing upwards. The rotation angle q i of each upper arm A i is measured from the positive x-axis of F. The position of each joint U ij in F is given by
A tool coordinate system M is positioned in the center of the manipulated platform according to Fig. 3(b) . The position of each joint P ij in the coordinate system M is given by
The position of M in the fixed coordinate system F is given by the three translations x, y, z. The orientation of M in F is given by the rotation matrix R z (φ), where the yaw angle φ depends on the platform spatial position. Using these conventions, the position of each platform joint in the fixed coordinate system is Fig. 3 . The bodies, joints, defined coordinate systems, and kinematic parameters for the manipulators in Fig. 2(c)-2(d) .
The inverse kinematics is calculated by finding a numerical solution to the length equation (| F u ij − F p ij | = l ij ) for the six lower arm links L ij . For the manipulators in Fig. 2 Table 1 .
Manipulator isotropy is compared using the global conditioning index defined in [17] . Here it is calculated as
where σ min and σ max are the smallest and largest singular values of the Jacobian J. Due to rotation symmetry, only positions in the xz-plane in one radial direction (x > 0 and y = 0) are investigated. GCI is calculated both over the entire workspace and for only the lower half of the workspace (z<0). The limits x min , x max , z min , and z max are chosen in order for the entire reachable workspace to be evaluated. The distance between evaluated workspace positions is 0.10 m in both the x-direction and the z-direction. The variable N xz is the number of task space configuration with a valid solution to the Table 1 . Parameters and results for five of the studied manipulators. The second column lists the parameters that differ between the manipulator variants. The third column lists GCI, while the fourth column shows GCI calculated over only the lower half of the workspace. The fifth column lists the average deviation of the platform parasitic yaw angle from its mean value. inverse kinematics. The solutions to the inverse kinematics are verified for collisions, singularities and joint limitations. The joints and joint limitations used for the simulations are identical to those described in [18] . By plotting the variation of the inverse condition number over the intersection of the workspace, it has been confirmed that the central workspace of all the investigated manipulators is free from singularities. The parasitic platform rotation of the different manipulator variants is compared by studying φ dev , which is the average yaw angle deviation from its mean value. It is calculated as
where
